The quantum phase transition to a Z3-ordered Kekulé valence bond solid in two-dimensional Dirac semimetals is governed by a fermion-induced quantum critical point, which renders the putatively discontinuous transition continuous. We study the resulting universal critical behavior in terms of a functional RG approach, which gives access to the scaling behavior on the symmetry-broken side of the phase transition, for general dimension and number of Dirac fermions. In particular, we investigate the emergence of the fermion-induced quantum critical point for space-time dimensions 2 < d < 4. We determine the integrated RG flow from the Dirac semi-metal to the symmetrybroken regime and analyze the underlying fixed point structure. We show that the fermion-induced criticality leads to a scaling form with two divergent length scales, due to the breaking of the discrete Z3 symmetry. This provides another source of scaling corrections, besides the one stemming from being in the proximity to the first order transition.
I. INTRODUCTION
Phase transitions play a pivotal role in our quest for an understanding of the different states of matter. In fact, the description of many continuous and discontinuous phase transitions in correlated many-body systems is based on a continuum field theory formulation for the order parameter which acquires a non-vanishing expectation value across the transition 1 . Together with the renormalization group (RG) approach 2, 3 , this LandauGinzburg-Wilson (LGW) picture not only provides a thorough understanding of the emergence of scaling laws near critical points but in many cases also yields quantitative results for the critical exponents.
With such a successful theory as a basis, it is exciting to ask whether there are critical points in complex manybody systems which go beyond the LGW description. An exotic scenario which has been discussed in this context are deconfined quantum critical points 4, 5 (DQCP) in which two (ordered) phases are separated by a critical point instead of the expected discontinuity. It is argued that precisely at the critical point an additional global U(1) symmetry emerges 6 and fractional spinon excitations are deconfined, which then govern the critical behavior of the transition. Furthermore, slightly away from the critical point a second large length scale emerges in addition to the correlation length of order parameter fluctuations. This is related to the presence of a dangerously irrelevant term in the system and confines the fractionalized degrees of freedom away from the critical point 6 . In this work, we explore a different scenario for quantum criticality -the fermion-induced quantum critical points (FIQCPs) [7] [8] [9] [10] [11] -which share a number of characteristic properties with DQPCs: (1) They exhibit a continuous transition where a discontinuous transition is expected from Landau-Ginzburg theory for the orderparameter field(s). (2) They show an emergent U(1) symmetry at the quantum critical point. (3) They have two length scales due to the presence of a dangerously irrelevant coupling [12] [13] [14] [15] . FIQCPs are, e.g., relevant to the Z 3 -symmetry breaking transition in 3+1D topological Weyl semimetals 10 and the semimetal-to-Kekulé quantum transition [16] [17] [18] of 2+1 dimensional Dirac fermions on the honeycomb lattice.
The reason for the appearance of critical behavior, despite the expectation of a first order transition 19 , is the presence of gapless fermion fluctuations, which cannot be integrated out at zero temperature. Another essential aspect of this scenario is that it is inherently nonperturbative 11 : The putatively discontinuous transition is caused by an additional canonically relevant coupling and is rendered continuous due to strong fermion fluctuations. This is in contrast to the conventional LGW picture, where usually only marginally relevant couplings are rendered irrelevant and therefore can be assessed within a perturbative RG approach. We conclude that a reliable study of the FIQCP scenario requires a nonperturbative theoretical framework which allows to extend the LGW approach in a suitable way. Such a framework is, for example, provided by the functional renormalization group (FRG), which we will employ here 20, 21 . Several previous studies [7] [8] [9] [10] [11] have investigated the appearance of a FIQCP at the transition to a Kekulé order in two-dimensional Dirac systems. They have mainly focused on aspects (1) and (2) of the aforementioned characteristics of FIQCPs, see Ref. 9 for remarks on (3). It was found that, indeed, the putatively first order quantum phase transition to a Kekulé order in a Dirac system can be of second order. This, however, depends on the number of Dirac fermions. Furthermore, it has been shown that a U(1) symmetry emerges at the corresponding fixed point of the RG equations and its related critical exponents have been determined 7, 11 . In this work, we extend previous studies with respect to two aspects: We investigate explicitly the emergence of the second length scale and analyze the fixed point structure including D < 2 + 1. For dimensions close to D = 1 + 1, the theory with only order parameter fluctuations has a second order transition, which is in the same universality class as the three-state Potts model 22 .
There is therefore yet another fixed point, besides the FIQCP, that could potentially be stable and determine the system's behavior. We show, however, that the Potts fixed point becomes unstable as soon as the gapless Dirac modes are included and that, instead, the Dirac fermions always induce a new critical point (the FIQCP) above a certain critical dimension.
With a FIQCP present, the second length scale is expected to appear because of the non-zero dangerously irrelevant coupling 23, 24 that describes the Kekulé order. This coupling is related to a cubic order-parameter term, which is why only a discrete, not a continuous symmetry is broken in the ordered state. Consequently, there are no Goldstone modes; instead not only the longitudinal but also the transversal mode of the order parameter acquires a mass. The scaling of the longitudinal mass is as usually related to the relevant coupling of the quantum critical point (QCP). In contrast, the scaling of the transversal mass has to depend on the scaling of the dangerously irrelevant coupling and defines an additional length scale, which also diverges at the critical point 14 .
To study the appearance of the two length scales, we extend our previous non-perturbative functional RG approach to the symmetry-broken regime. It allows us to give a comprehensive analysis of the fixed-point structure besides the FIQCP. This includes the Dirac semimetal fixed point, which dominates the long-range behavior of the system in the semi-metallic phase and the NambuGoldstone fixed point, which dominates the flow of the system on intermediate scales in the ordered phase. We calculate improved estimates for the correlation length exponent of the second length scale and show that it is almost identical to the first correlation length exponent provided by the FIQCP. We therefore suggest that it will be extremely challenging to identify or distinguish this behavior in numerical simulations. Furthermore, we go beyond a pure fixed-point analysis and calculate the actual flow of the Kekulé-Dirac system from the Dirac semi-metal to the Kekulé ordered phase. As a result, we provide a unified picture of the system close to the fermion-induced QCP on both sides of the transition.
Outline. We introduce the appropriate Gross-NeveuYukawa theory to describe the quantum phase transition of gapless Dirac fermions towards a Kekulé valence bond solid (VBS) in Sec. II A. In this model the Kekulé VBS transition is captured by a complex-valued and Z 3 -symmetric order parameter field which is coupled to the fermions. In Sec. II B, we then explain the systematics of fermion-induced QCPs and recall some of the recent findings and evidence which support this scenario. Sec. III, introduces the non-perturbative functional renormalization group (FRG) method as a suitable approach to describe the symmetry-breaking process occurring at the QCP. Here, we also explain why it allows to describe the system in the symmetry-broken regime and present our functional RG flow equations. In Sec. IV, we discuss our results for the renormalization group flows in the vicinity of the FIQCP. In particular, we describe the flow of the K K system from the symmetric into the symmetry-broken regime which is subject to the influence of various fixedpoints. Technical details on the flow equations are given in the appendix.
II. SETUP A. Effective model for the Kekulé transition
Graphene represents one of the prototypical twodimensional Dirac semi-metals. In the simplest model, it 25 can be described by a tight-binding Hamiltonian of spinless fermions with nearest-neighbor hopping in which the strength of the hopping amplitudes is uniform and real 26 . The resulting dispersion has two non-equivalent linear band crossings, the so called Dirac points at K and K . The low energy physics can be analyzed by restricting the theory to the vicinity of those points. Different kinds of interactions can, however, open up a gap in the spectrum [27] [28] [29] [30] [31] [32] [33] . One such kind of gap occurs when the nearest-neighbor hopping amplitude develops a modulation with the wave vector connecting the two Dirac points [16] [17] [18] [34] [35] [36] . In this case a Kekulé dimerization pattern occurs, as shown in Fig. 1 . The angle of the corresponding complex order parameter φ = (φ 1 + iφ 2 )/ √ 2 determines which exact pattern is formed 17 . The transition from the semimetal with its uniform bond strength to the Kekulé valence bond solid with modulated bond strength reduces the symmetry of the system: it no longer possesses the full C 6 symmetry of the lattice but only that of its C 3 subgroup. Any of the three patterns of Fig. 1 represents the same transition and the effective theory should be invariant under rotations of 2π/3 of the complex order parameter.
A low-energy effective theory for the system includes the massless four-component fermions. The four components correspond to the two triangular sublattices, A and B, and the two nonequivalent band crossings, K and K . It also takes into account the dynamics of the complex order parameter φ and its interaction with the fermions. The aforementioned terms correspond, respectively (and in that order), to the Lagrangians 18,37
where N f is the fermion flavor number and ψ := ψ † γ 0 . The gamma matrices are given by
and V (φ, φ * ) is a potential for the complex order parameter. The object of our study will thus be the GrossNeveu-Yukawa theory with Lagrangian
We note that N f = 1 corresponds to spinless fermions and N f = 2 to the case of spin-1/2 electrons, as in graphene. Moreover, the Lagrangian for the fermions and the Yukawa interaction alone, cf. Eqs. (1) and (3), is such that the Lagrangian has a U (1) symmetry generated by γ 35 := −iγ 3 γ 5 :
This symmetry is reduced by the potential V (φ, φ * ), which contains all bosonic self-interaction terms allowed by both U (1) and Z 3 symmetry. Rotationally invariant functions of two variables are functions of ρ := φ * φ ∝ φ 
For the specific case of graphene, however, the potential should also be compatible with the discrete symmetries of the system. The Kekulé ordering respects both the sublattice symmetry 17 and the time reversal symmetry. In our setting, their combined action on the order parameter is φ 1 → φ 1 and φ 2 → −φ 2 .
We therefore conclude that the potential describing the transition is a real function of the two invariants
B. Fermion-induced quantum critical points
Since the Kekulé VBS is described by a complex-valued order parameter φ possessing a discrete Z 3 symmetry, a finite cubic term ∝ τ is allowed in the free energy F [φ]. The Landau-Ginzburg mean-field approach then suggests that the minimum of F [φ] discontinuously jumps from φ = 0 to φ = 0 when the system is tuned through the transition. This simple assessment, however, underestimates the impact of fluctuations which can become essential for an appropriate description of a system, when the dimensionality is decreased or when additional degrees of freedom are relevant. In fact, for the Kekulé VBS transition in Dirac systems at zero temperature, a description in terms of a Z 3 order parameter field alone appears to be inadequate as the fluctuations of the gapless Dirac fermions can strongly affect the nature of the phase transition. For instance, it is known that gapless fermion fluctuations near a transition with an O(N)-symmetric order parameter modify the critical behavior and define the chiral universality classes [38] [39] [40] [41] [42] . Moreover, Refs. 7-11 find evidence that the expected discontinuous Kekulé transition is rendered continuous in 2+1 dimensions.
From a RG point of view, the change of the phase transition from discontinuous to continuous can be rationalized by considering the scaling dimensions of the cubic order-parameter terms. At the microscopic level, their presence suggests a second RG relevant direction with sizable power-counting dimension [g] = 3 − D/2 with spacetime dimension D. At a non-trivial fixed point, fluctuation corrections modify the RG scaling of parameters as compared to the scaling suggested by dimensional analysis 43, 44 . The order of the phase transition then depends on whether the direction corresponding to the cubic coupling remains relevant or becomes irrelevant at the fixed point. This means when the fluctuations from the gapless Dirac fermions are strong enough to render the canonically relevant direction from the cubic coupling irrelevant, a continuous transition is induced: Only one relevant direction remains, i.e. a single tuning parameter is sufficient to drive the system to the non-trivial fixed point and universal critical behavior can be observed 11 . Whether or not fluctuations change the transition to the Z 3 ordered state from discontinuous to continuous is evidently a non-perturbative problem, as it systematically requires strong fluctuations. Therefore, nonperturbative methods are needed to reliably describe this scenario of a FIQCP. Evidence for the validity of this scenario has been gathered by two complementary nonperturbative approaches, a lattice QMC study 7 and in terms of the FRG 11 . More specifically, the FRG approach studied a comprehensive regime of the number of Dirac fermions N f to find a continuous transition in D = 2 + 1 dimensions if N f > N f,c ≈ 1.9. This was found to be in agreement with the limits provided by QMC 7 (N f,c < 2) and SUSY 9, 42, 45 (N f,c > 1/2) calculations and is relevant to the case of spin-1/2 fermions on the honeycomb lattice, N f = 2.
III. FRG METHOD AND FLOW EQUATIONS A. Method
The functional renormalization group is a reformulation of Wilson's idea of evaluating the partition function Z by integrating out fluctuations step by step. Decoupling fast and slow contributions to the partition function at the scale k is implemented by the insertion of a masslike regulator function R k (q) into the bare action S that suppresses fluctuations of field modes with |q| < k.
Explicitly, if Φ contains all the fields of the problem, the partition function at scale k is defined as
The regulator is chosen such that R k (q) → 0 when k → 0, and R k (q) → ∞ for k → Λ, where Λ is the inverse lattice spacing, i.e. the highest energy scale of the system. By the choice of regulator, the (modified) Legendre transform of Z k , Γ k , is such that Γ k→∞ = S and Γ k=0 = Γ is the full quantum effective action.
Setting t = ln(k/Λ), the evolution of Γ k is determined by the Wetterich equation 20, 21 :
where Γ (2) k is the Hessian of Γ k , i.e.,
The key features of the FRG approach in the present context are the following: The FRG is well-suited for calculations directly in 2+1 dimensions. It has been tested against other methods which has shown that it provides very good results in the context of Gross-NeveuYukawa models [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . Importantly, the FRG approach already includes resummation effects through the non-perturbative threshold functions 61, 62 , which is in contrast to perturbative approaches. Furthermore, it allows a continuation of renormalization group flows into the symmetry-broken regime and an extraction of physical information about continuous as well as discontinuous transitions [63] [64] [65] [66] [67] .
B. Truncations
Faced with the impossibility of solving equation (10) exactly, we employ an ansatz for Γ k , inspired by the original form of S, that is
where Z ψ,k and Z φ,k are the running wavefunction renormalization constants, ρ, τ are the bosonic field invariants defined in Eq. (9) and (13), and h k is the running Yukawa coupling. To simplify notation, we defined ψ := ⊕ i ψ i , so that our gamma matrices are now of size N f d γ , with d γ the dimension of the chosen representation of the Clifford algebra of
, where the fields φ, φ * , ψ are held constant and where Ω is the volume of the system.
In the symmetry-broken regime, the potential V (φ, φ * ) exhibits three equivalent minima. The physics is generally determined by the global minimum of the potential and its surrounding. Consequently, we use an expansion around one of these three minima in the following. To facilitate the resulting expressions, we introduce another Z 3 -invariant quantity for this, which is a combination of ρ and τ :
With this definition, we find that τ = 0 when evaluated at a minimum of V (φ, φ * ). We note that the whole procedure could also be carried out in terms of monomials of the original fields.
To study the FIQCP from both sides of the transition we now expand the potential U k around ρ = τ = 0 for the symmetric phase and around one of its running minima, κ ρ,k := ρ min j,k = 0 for the symmetry broken regime. Here, j ∈ {1, 2, 3} enumerates the three equivalent minima of the potential. The two expansions of the potential, then explicitly read
where
and N denotes the order of the truncation. The truncation employed, here, is referred to as the extended local potential approximation of order N , or LPAN , for short. We use the freedom in choosing any of the three minima by choosing the one in which τ vanishes, which is equivalent to the choice φ min 2 = 0.
C. Flow equations
Flow equations for the bosonic couplings are obtained by acting with ∂ t on both sides of Eqs. (17) and (18), while those for the Yukawa coupling and the anomalous dimensions are obtained from the projections
. (21) All of the above expressions are evaluated at the minimum of the order-parameter potential and zero momenta p = q = 0, and the definitions
To discuss fixed point properties, it is necessary to switch to dimensionless variables (denoted by a bar), defined as
The computation of the flow requires inversion of the Hessian, which we do by computing its spectrum, see Eq. (10) . The eigenvalues in the bosonic sector, obtained from the symmetry broken expansion (15) , define the longitudinal and transverse masses m L and m T . In terms of the invariants defined in (9) and (13), the masses take a complicated form, see Eq. (A1)in App. A. These expressions simplify when evaluated at the minimum of our choice to
and, as expected, there are no Goldstone modes in the system for any nontrivial dependence of U on τ since only a discrete symmetry is broken. In other terms, the masses m L , m T are always different and nonzero except exactly at the phase transition. The appearance of a nonzero transversal mass is the reason behind the emergence of a second length scale in the symmetry-broken regime. Note, moreover, that this phenomenon can only be seen when κ ρ = 0 and, in particular, observing its effect depends crucially on the fact that we can follow the evolution of the system for arbitrarily large values of κ ρ , which is not a feasible task in a perturbative approach. In terms of these masses, the flow equation for the dimensionless potential u = k −D U takes the form
For the Yukawa couplingh
Additionally, the anomalous dimensions are given by 
IV. RESULTS
The FRG approach as set up in the previous section allows us to study the fixed-point properties of the system, as well as the RG flows in the symmetric and the symmetry-broken regime. In this section, we first extend previous investigations of the FIQCP by including spacetime dimensions 1 + 1 ≤ D ≤ 2 + 1 which are accessible with the FRG 51, [68] [69] [70] [71] [72] . Then, we present how the system flows from the Dirac semimetal regime to the ordered phase and we explain the different regimes of this flow in terms of the characteristic fixed point structure. Finally, we give estimates for the scaling exponent of the second length scale that emerges in the ordered phase.
A. Fermion-induced QCP below D = 2 + 1
In our previous work 11 , we analyzed FRG fixed points in the symmetric regime. We showed that the FIQCP appears above a critical N f,c ≈ 1.9 in D = 2 + 1. Moreover, the FIQCP is characterized by an emergent U(1) symmetry where all couplings that break the U(1) down
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Here, we show that this is also true for lower dimensions, cf. also Ref. 9 . We find that for any given nonzero number of Dirac fermions N f , there is a critical dimension below which an O(2) symmetric Gross-NeveuYukawa fixed point becomes stable so that a second order transition is induced realizing the FIQCP scenario. This can be seen in Fig. 2 , where we plot the second largest critical exponent θ 2 of the O(2)-symmetric fixed point for different dimensions and N f . If θ 2 < 0, the fixed point is stable and describes a second order phase transition. We see how θ 2 of the O(2)-symmetric FP changes from the case without fermions N f = 0 to the one with fermions and that it drops below zero at a critical dimensions D c > 2 as soon as N f = 0. This critical dimension continuously connects to the value that was found before 11 . Interestingly, there is potentially another fixed point that can yield a second order transition for dimensions close to D = 2: in the system without fermions, this fixed point corresponds to the phase transition of the threestate Potts model 22, 73, 74 , and disappears above a certain critical dimension in the vicinity of D = 3, see App. C. We find, however, that as soon as the fermions are included, this Pott's fixed point always becomes unstable, so that the O(2)-symmetric FIQCP is the only possibility to obtain a second order transition. The reason for the destabilization of the Potts fixed point upon inclusion of fermions is that, even for small N f , we introduce another RG direction represented by the Yukawa coupling h. At the Potts fixed point, the Yukawa coupling is h * = 0, and below D = 4, this always introduces a relevant direction to the Potts fixed point making it unstable.
B. Flow from Dirac semimetal to Kekulé order
Turning back to the physical case of D = 2 + 1, we now study the renormalization group flow of the model, which exhibits a rich structure. In the phase diagram of the considered Gross-Neveu-Yukawa model, the FIQCP separates the symmetric or Dirac-semimetal (DSM) from the symmetry-broken regime. To see the scaling behavior as induced by the FIQCP, a fine-tuning of the RGrelevant parameter is required. Eventually, in the deep infrared, when almost all momentum-modes have been integrated out, the system ends up either in the DSM phase or in the symmetry-broken phase. To understand the semimetal-to-Kekulé-VBS transition in terms of the renormalization group flow, we have to consider the fixed point structure beyond the FIQCP. Generally, the renormalization group flow to the symmetry-broken phase in the vicinity of the fermion-induced QCP proceeds as follows 9 : (1) At microscopic scales, the RG flow of the system is initialized in the symmetric regime and a fine-tuning of the mass parameter m 2 has to be performed to drive the system close to the FIQCP.
(2) The system still remains in the symmetric regime on intermediate scales where it approaches the FIQCP which then dominates the scaling behavior. In this regime the cubic coupling, λ 0,1 =: g, is attracted to its fixed-point value g * = 0 and therefore becomes small. (3) After some RG-time close to the FIQCP, the flow departs from it and goes towards the fixed point that characterizes the symmetry-broken phase of the O(2) model -the Nambu-Goldstone (NG) fixed point. We note that due to the small but finite cubic coupling, the transversal mode already acquires a small mass.
(4) Finally, as the cubic coupling is relevant at the NG fixed point and g = 0 the flow will be driven away from the NG fixed point and the mass of the pseudo-Goldstone mode becomes more pronounced which is related to the appearance of the second length scale ξ . tuned, the flow will stay in the symmetric regime, dominated by a fixed point that we call DSM fixed point in the following. This behavior is schematically shown in Fig. ? ?. In the following, we will describe the di↵erent fixed point regimes that characterize the symmetric and ordered phase in more detail. Furthermore, we show representative RG flow trajectories of the quartic coupling When the initial system is not fine-tuned, the flow will stay in the symmetric regime, dominated by a fixed point that we call DSM fixed point in the following. This behavior is schematically shown in Fig. 3 . In the following, we describe the different fixed point regimes characterizing the symmetric and ordered phase in detail. Furthermore, we show representative RG flow trajectories of the quartic coupling in Fig. 4 running through all the described regimes explicitly. Thereby the different fixed point regimes are revealed as plateaus where the flow of the quartic coupling hardly changes. However, if there is a relevant direction, the flow is eventually driven away from the corresponding fixed point value.
Dirac semimetal regime.
When the system is in the DSM phase it is eventually dominated by the symmetric DSM fixed point which can be analytically found in the symmetric FRG flow equations upon taking the limit λ 1,0 =: m 2 → ∞. In this limit, we obtain the following β functions for the Yukawa coupling (h 2 ), the cubic (g) and the quartic scalar coupling (λ := λ 2,0 ) within LPA 4
We note that these β functions are not restricted to a finite expansion in the LPA , but are valid to any order, i.e. in particular for LPAn with n → ∞. They admit a nontrivial fixed-point solution
The values of the couplings at the DSM fixed point depend only on the dimension D and the fermion number N f . As we mentioned before, they are independent of the order of truncation within the LPA and the fixed point solution can be generalized to arbitrary λ r,s .
for all r, s ∈ N. Further, the anomalous dimensions for the oder parameter fluctuations and the Dirac fermions characterizing the DSM are
An evaluation of the stability matrix at the DSM fixed point gives three leading eigenvalues
Therefore, disregarding the flow of the mass term ∼ m 2 , there is no relevant direction at the DSM fixed point as θ i ≤ 0. Only the direction corresponding to the cubic coupling turns out to be marginal. This implies that, while all other couplings flow to their respective DSMfixed-point values, the cubic coupling freezes at different infrared values, depending on the initial conditions.
Symmetry-broken regime
After departing from the FIQCP in the symmetrybroken regime, the RG flow exhibits a window of scales where the couplings are dominated by the fermionic generalization of the Nambu-Goldstone fixed point, which is well-known from the purely bosonic O(N) models. Therefore, it is characterized by the vanishing of all the U(1) breaking couplings Λ i,j = 0 for j > 0 and h 2 = 0. Fur-thermore, we can define it formally in terms of the limit κ ρ → ∞, which allows us to simplify the β functions in the symmetry-broken regime
These β functions admit a non-trivial fixed point solution for the scalar couplings, which we refer to as the Nambu-Goldstone (NG) fixed point, reading
Just as in the case of the DSM fixed points, the β functions (41), and therefore the fixed point values of the couplings, (42) , are independent of the order of the truncation and are valid for any LPAn . This can be traced back to the fact that for h 2 → 0 and κ ρ → ∞, the β functions for any given coupling of order r depend only on the couplings of degrees less than r, i.e. there is some function depending on r, f r , such that
Moreover, it can be seen that the NG fixed point solution is independent of N f . The Yukawa coupling and the U(1) breaking coupling are both relevant directions at the NG fixed point. Without them, i.e. in case of the O(2) model, the NG fixed point is fully attractive and completely dominates the infrared behavior of the model in the symmetry-broken phase. The evaluation of the full stability matrix at the NG fixed point, taking into account perturbations in the direction induced by h 2 and U(1)-breaking couplings Λ * NG i,j = 0 for j > 0, shows that the cubic coupling not only is relevant at the NG fixed point, but it is the most relevant coupling in D = 3, as
The fact that the cubic coupling changes from being irrelevant at the FIQCP to relevant at the NG fixed point implies that eventually, in the deep infrared, the flow is driven away from the NG fixed point when the cubic coupling does not exactly vanish. This means that g will start to grow. As a result the transversal mass, which is zero for g = 0, also increases and thus provides a second mass scale besides the longitudinal mass (cf. Eq. (24)). Consequently, a second correlation length can be defined asm (24) and (25), in the symmetry broken regime. The red and blue curves correspond to the masses of one of the trajectories that escape the NG fixed point (i.e., when g = 0.) and the black dashed curve corresponds to the flow of the purely U (1) symmetric system with otherwise identical initial conditions. At the beginning of the flow all masses are identical and they eventually split when approaching the IR. In the IR both masses flow to non-zero values m (25)). As we are close to the NG FP, the infrared value of the cubic coupling is small, but nonzero. Therefore towards the infrared when k → 0, the transversal mass becomes m 2 T > k 2 . At this point, which defines the second length scale m 2 T (k ∼ ξ −1 ) = 1, the flow leaves the NG FP and the longitudinal mass also reaches a finite value. This is different to the flow of a U (1)-symmetric system, where the Goldstone modes would eventually drive the longitudinal mass to zero.
C. Second correlation length exponent
Having established the global RG flow of the model, we turn again to its critical properties. In Tab. I, we show the two largest critical exponents for several choices of N f . Here, ν = θ −1 1 corresponds to the inverse correlation length exponent of the Z 3 order. θ 2 is the second largest exponent and is related to the scaling of the U(1) breaking cubic coupling. It determines the stabil- 11 . Further, the appearance of two length scales in the symmetry-broken regime, ξ and ξ , is related to the presence of two correlation length exponents ν and ν . Despite the exclusive appearance of the second length scale in the symmetry-broken regime, the ratio of their correlation length exponents ν /ν is uniquely determined by a scaling law employing properties of the FIQCP alone
This can be understood in terms of the dangerously irrelevant coupling g. Only if g is non-zero, the transversal mass, which is responsible for the second scale, will be finite away from the critical point. Therefore the scaling of m 2 T must be related to scaling of g at the critical point. This scaling, in turn, is given by θ 2 . We list our estimates for ν also in Tab. I, whenever we find that the FIQCP is stable in D = 2 + 1. ν shows only very small deviations from ν due to the smallness of |θ 2 | 1 which we deem unlikely to be observed either in an experimental setup or in lattice QMC simulations. Instead, as stated earlier 11 , we expect that large corrections to scaling will have to be considered in corresponding lattice QMC simulations.
V. CONCLUSION
In this work, we have provided a thorough study of the renormalization group flow near the fluctuation-induced quantum phase transition to the Kekulé VBS state in Dirac semi-metals as it appears for fermions on the twodimensional honeycomb lattice. This transition is characterized by the condensation of the Kekulé order parameter which reduces the chiral U(1) symmetry of the Dirac system to a discrete Z 3 symmetry, resulting in a series of unconventional properties at and close to the quantum transition. Firstly, the fact that the transition is continuous and not discontinuous is an effect driven by strong (fermion) fluctuations. Secondly, there is an emergent U(1) symmetry at the quantum critical point and, thirdly, a second length scale appears in the symmetry broken phase due to the breaking of the discrete symmetry. We noted that these properties are shared with the scenario of the deconfined QCPs.
We have investigated the semimetal-to-Kekulé quantum transition in terms of an appropriate Gross-NeveuYukawa model with the help of the non-perturbative functional renormalization group. While building on our previous work, we have extended it in various directions. First, we have established the FIQCP scenario for the full range of dimensions between 1 + 1 ≤ D ≤ 2 + 1 for small numbers of fermion flavors N f ≤ 2. We have found that for every N f > 0, there is a critical dimension 2 < D < 4 above which the fermion-enhanced O(2) fixed point becomes stable, giving rise to a second order transition. This is in stark contrast to the model where N f = 0, corresponding to the field-theoretical formulation of the three-state Potts model, where only close to D = 1 + 1 does a stable O(2)-breaking fixed point appear. Our findings fit nicely to the observation that fermions in Dirac systems tend to support symmetry enhancement 59, [75] [76] [77] [78] . Furthermore, we have discussed that, due to the discrete symmetry breaking, there are no Goldstone modes. Instead, in the symmetry-broken regime, two finite masses appear -the longitudinal and transversal mass. Importantly, the scaling of the transversal mass depends on the scaling of the cubic term and defines a second length scale, which diverges at the QCP. We provided a comprehensive analysis of the fixed-point structure in the symmetric as well as in the symmetry broken regime. By solving the flow equations in both regimes, we studied the complete behavior of the RG flow beyond a pure fixed point analysis. While the Dirac semimetal fixed point dominates the long-range behavior of the system in the semimetallic phase, the symmetry-broken regime shows a more subtle behavior: here, the NambuGoldstone fixed point dominates the system on intermediate length scales. Eventually, when the cubic coupling is finite, the RG flow leaves the NG regime giving rise to a sizable transversal mass and the concomitant second length scale. We also calculated improved estimates for the correlation length exponent of the second length scale and show that it is very close to the order parameter correlation length exponent. We therefore expect that it will be very challenging to observe this behavior in numerical simulations. In summary, we provided a unified picture of the system close to the fermion-induced QCP in the symmetric as well as in the symmetry-broken phases.
Moreover, for the choice of minimum described in the main text (φ
= 0), the terms appearing in the flow equations are given by the expressions
and ω ψ = 2h 2 ρ. Further,
This completes the set of required definitions.
Appendix B: Threshold functions
Here we present the threshold functions that appear in the flow equations and the anomalous dimensions. In the following we restrict to a choice of cutoff R Φ,k (q) that allows explicit analytic evaluation of the integrals involved and has favorable convergence properties [79] [80] [81] [82] [83] :
The threshold functions in the effective potential read
In the anomalous dimensions the threshold functions are
For any of the three equivalent minima of the order parameter potential, the remaining threshold functions are somewhat more involved and read (1 + ω ψ )
.
Let us note that these threshold functions simplify for our choice of the minimum as u 12 = 0 in this case.
Appendix C: Remark on the Potts model
In two dimensions, there are exact results for the threestate Potts models' critical exponents. More specifically, it was found that there is a critical Potts and a tricritical fixed point (TCP). The Potts FP comes with correlation length exponent and anomalous dimension 
The critical and tricritical fixed points can be continued above two dimensions where they change their coordinates. It was found that they collide and disappear to the complex plane for some d c > 2. Then no stable fixed point exists in the system and the transition from the symmetric to the Z 3 ordered phase is discontinuous. Numerical results in d = 3 for the three-state Potts model suggest that d c < 3.
Here, we explore a simple approach to the twodimensional case by a finite expansion in the LPA and note that this can only provide qualitative results on the Potts fixed point. As has been shown in earlier work for scalar [68] [69] [70] [71] [72] and scalar-fermion models 51 , the FRG can also be used to describe critical behavior below three dimensions. For a quantitive estimate, it will be required to work with higher expansions or use methods beyond a finite expansion, as towards two dimensions more and more couplings become canonically relevant.
Employing an LPA8 expansion in the symmetric regime, we can give first estimates on the limit of the purely bosonic Potts model. In fact, we find both the critical Potts fixed point and one tricritial fixed point, as expected. In d = 2 the Potts fixed has the critical exponents Potts : ν 2,LPA8 ≈ 0.82 , η 2,LPA8 ≈ 0.22 ,
which already compares well to the exact results. Also, we can continue the fixed point search in higher dimensions towards d = 3 and beyond to exhibit the fixedpoint collision. Within LPA8 , we find that the Potts FP and the tricritical FP indeed collide at a critical dimension of d c,LPA8 ≈ 3.2 which seems too large in comparison with numerical results. We observe that higher orders in the LPA seem to push the critical dimension below three. However, we note that, in contrast to the FIQCP, going to higher orders in the LPA still leads to corrections and we do not yet see convergence. Therefore, to settle the convergence of the critical exponents and the critical dimension for the Pott's fixed point with the fRG, a more thorough study will be required, which
